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Variable Structure Adaptive Control of Wing-Rock Motion
of Slender Delta Wings

Aldayr D. Araujo* and Sahjendra N. Singh’
University of Nevada at Las Vegas, Las Vegas, Nevada 89154-4026

Based on the variable structure model reference adaptive control theory, a new control system for the control
of wing-rock motion of slender delta wings, using only roll angle measurement, is designed. For the derivation of
the control law, it is assumed that the aerodynamic parameters and the structure of the aerodynamic nonlinear
functions in the model are unknown. Moreover, it is assumed that disturbance input due to wind gust is present in
the system. It is shown that, in the closed-loop system designed using bounds on uncertain functions, the roll angle
tracks given reference trajectory, and the wing-rock motion is suppressed. Digital simulation results show that the
closed-loop system has good transient behavior and robustness to the uncertainties and disturbance input.

Nomenclature
A, Ao, A, b, by, = system matrices
b.,by,h,h.
a;, by, ci, ui, p = aerodynamic coefficients
,dy, = disturbance inputs
e e, e; = signal errors
fi = modulation functions
g(x, 1), g (x) = nonlinear functions
8 8 = bounds on functions
ks Oi = model reference parameters
k, _ = input influence gain
M(s), M(s), = transfer functions
W(s), L(s)
r = reference input
u, (o)eq = control and equivalentcontrol inputs
Uiy Xi» i = filtered signals
x, X, X, = state vectors
o = angle of attack
A = saturation function parameter
8, ¥, A = filter parameters
Knoms @noms Unom = Nominal parameters and input

K*, 6", ut = parameters and input for model matching
K,0,0i, 8 € = parameters used in Table 2

T = averaging filter parameter

O, Pn = roll and reference roll angles

w = measured signal

I. Introduction

HE phenomenon of wing rock is manifested by a limit cycle
oscillation predominantlyin roll about the body axis. Recently,
several theoretical and experimental studies have been performed to
understand the dynamics of wing rock and to predict the amplitude
and frequency of oscillationof the limit cycle.!~* Approximate non-
linear aerodynamic mathematical models of swept slender wings for
one and three degrees of freedom for calculating wing-rock char-
acteristics have been developedin Ref. 2. Analytical models of the
wing-rock phenomenon have been used to predict roll divergence
and periods and amplitudes of oscillations in Refs. 2 and 4.
Recently, control systems for the control of wing-rock motion
have been designed>~° Luo and Lan’ considered the question of
control of wing-rock motion using the optimal control and the
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least-squaremethod. Based on the solution of the Hamilton-Jacobi-
Bellman equation,an optimal controllerhas been designedin Ref. 6.
Adaptive and neural control systems have been developed for the
wing-rock model with unknown parameters.”® The backstepping
design technique has been used in Ref. 8 to obtain a feedback lin-
earizing adaptive controller for the wing-rock model including a
first-order actuator dynamics. A discrete-time sliding mode con-
troller is developed in Ref. 9 using a Taylor series expansion of the
wing-rock model. Adaptive control systems developed in Refs. 7
and 8 assume that the wing-rock model does not have disturbance
input and that the structure of nonlinear functions (except for the
neural control’) is known. In the presenceof externaldisturbancein-
puts and unmodeled nonlinearities,adaptation laws of integral type
used in Refs. 7 and 8 can cause divergence of controller parame-
ters. Moreover, the control algorithms developed in Refs. 5-9 use
full-state (roll angle and roll rate) feedback. Thus, there is a need to
design a control system that is effective in the presence of distur-
bance input and unstructured nonlinear functions in the model and
requires only output feedback for the wing-rock control.

The contribution of this paper lies in the design of a new control
system for the control of wing-rock motion of simple slender delta
wings based on the theory of variable structure model reference
adaptive control (VS-MRAC),!%~!2 using only input and output sig-
nals. No attempt is made to control wing rock of complete aircraft
configurations. Unlike the published works in the literature =% the
wing-rock model can include disturbance input and unstructured
nonlinear aerodynamic functions, and only roll angle measurement
isrequiredfor the controllersynthesis. However, itis assumed thatan
upper bound on the uncertain functions is given. It is shown that, in
the closed-loop system, roll angle tracks given reference trajectory,
and wing-rock suppressionis accomplished. Interestingly, the con-
troller is obtainable from the parameter adaptive model reference
adaptive control (PA-MRAC) scheme!® by replacing the standard
integral adaptation laws with appropriate variable structure (VS)
laws. However, instead of a single auxiliary error, namely, Monop-
oli’s augmented error,'® a set of n* (where n* is the relative degree
of the plant) auxiliary errors are necessary.!® Significant advantages
of VS-MRAC over PA-MRAC designs are nice transient behavior,
disturbancerejectioncapability,and insensitivityto plant nonlinear-
ities or parameter variations. The simulation results presented show
good transient response and robustness to uncertainty and distur-
bance input.

This paper is organized as follows. Section II presents the wing-
rockmodel. A variablestructure model referenceadaptivecontroller
isderivedin Sec. I1I, and simulationresults are presentedin Sec. IV.

II. Wing-Rock Dynamics and Control
Analyticalmodels of wing rock for slender delta wings have been
developed in Refs. 2 and 4. A series of wind-tunnel experiments
have been performed to understand the phenomenon of wing rock.!
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Table1 Coefficients for wing-rock motion

o C1 (&5} ai as as ay as
21.5 0.354 0.001 —0.04207 0.01456 0.04714 —0.18583 0.24234
22.5 0.354 0.001 —0.04681 0.01966 0.05671 —0.22691 0.59065
25 0.354 0.001 —0.05686 0.03254 0.07334 —0.3597 1.4681

Subsequently, Konstadinopouloset al.* developeda numerical sim-
ulation of this experiment. Nayfeh et al.* developed an analytical
model of the roll moment that gives virtually perfect agreement
with the numerical simulation. The wing-rock equation of motion
for slender delta wings is given by *¢

G+Db = 111 d+b19° + 11207+ b +k,u+d (¢, §, 1) (1)

where ¢ is the roll angle, d includes disturbance input and unmod-
eled functions, and u is the control input produced by the aileron.
The aerodynamic coefficients in this equation are given by the fol-
lowing relations:

2

p- = —cay, n1 = Ciaz — €, by = cia3

Mo = C1dy, by, = ca;s

and the values of the coefficients ¢; and a; for different angles of
attack o from Refs. 4 and 6 are shown in Table 1.

Defining the state vectorx = (x, x,)” = (¢, ¢)T € R?, the sys-
tem (1) can be written in a state variable form as

. 0 1 0
x=[ ) }x+[}m+mnm, $=1
-p 1231 kp

or

Ok (2

x = Ax + blu + g(x,1)], ¢ =h"x 3)

where T denotes transposition, the roll angle ¢ is chosen as the
output variable, and

ble + szlzxz + blexg +d(x,t)

k )

g, 1) =
V4

We shall be interested in the trajectories of system (1) in a region
of the state space in R? surrounding the origin. It is assumed that the
aerodynamicparametersand the nonlinearfunctiong (x, t) inEq. (3)
are unknown but the function g (x, ¢) satisfies sup, . , g(x, t) < g for
(x, 1) € Q x [0, 00). Although the approach is applicable to wing-
rock models with actuator dynamics, for simplicity it is assumed
that the actuator is sufficiently fast and one can neglect the actuator
transfer function.

Consider the input-output representation of system (1), where s
is either the Laplace variable or the differential operator, given by

W(s) = % (5)

¢ =W(e)[u+ g, )], 2 — 1S + p?
A - 1

and a reference model having input r and output ¢,, characterized
by the transfer function M (s):

k
M) = —————— (6)

w = M(s)r,
¢ ( ) 52 +(¥mls +(¥n12

where the poles of M (s) are assumed to be stable.
The purpose is to find an output feedback control law u(¢) such
that the roll angle tracking error

€ = ¢ - ¢m (7)
tends to zero asymptotically when the motion of the system (2)

evolves in 2. Thus, by a suitable choice of the reference model,
desirable regulation of the wing-rock motion is obtained.

III. Wing-Rock VS-MRAC System

For the derivation of the VS-MRAC law, the wing-rock model
and the reference model must satisfy certain assumptionsaccording
to Refs. 10-12. These are 1) the system (5) is completely control-
lable and observable with known denominator degree (equal to 2);
2) sgn(k,) = sgn(k,); 3) W(s) is minimum phase (in this case,
no zeros); and 4) the reference model has the same relative degree
n*(= 2) as the wing-rock model.

For the wing-rock model, these conditions are satisfied, and
n* = 2. Now the following filters, which are useful for controller
synthesis, are introduced:

v, = —Av, + yu, Uy = —Avs + Y@ 8)

where . > 0, ¥ > 0, and v, and v, € R are the set of real numbers.
Define a vector of measurable signals as w = [vy, ¢, va, r]" € R*.
The control law u is to be synthesized using only the signal w.

Itis well known that, for g(x, ) = 0, underthe precedingassump-
tions 1-4, thereexists a uniqueconstantvector 8* = [6%, .. ., QI]T €
R* such that the transfer function of the closed-loop system with
u = 67w matches M (s) exactly,ie., ¢ = W(s)u = W(s)0* w =
M (s)r (Ref. 13). Using Egs. (5), (6), and (8), it is easily verified
that for model matching 8" must satisfy 6; = k,,/k, and

[ +0) =67y ](s* — s+ p?) —k, [63 (s + 2) + y67 ]

=@+ (s2 + a5 + (x,,,z)
In the following we use the notation

u =0"Tw, K*=1/9§‘=k,,/km, i=u—u*

Note that, from assumption 2, both «* and 6; are positive.
Defining the vector X7 = [xT, vy, v,]7 € R*, the system (2) and
the filters (8) can be written in a compact form as

X = AoX + bou +bog(x, 1), ¢=h'X ©)
where
A 0 0 b
Ag=| 0 —x 0 |, by=|v
yh™ 0 - 0
b
bo=|0 |, h! =[n" 0, 0]
0

Here O denotes null matrices of appropriate dimensions. Now,
adding and subtracting byu* on the right-hand side of Eq. (9) and
using the relation

v 0 1
¢ | = NX, N=|h" 0 0 (10)
53 0 0 1

one obtains

X = AX +boc*it +b.r +bog(x, 1), p=h'X (11)

where A, = Ag + bol6], 05, 61N and b, =6;by. For u=u*, ie.,
=0, and g(x,r) = 0, one has M(s)=h[(s] — A.)"'b.. Thus,
(A, b, hT) is a nonminimal realization of the transfer function
M (s). Then, the system (9) in input-output form is given by

¢ =M(s)r +*M(s)u + g.(x) +¢& (12)
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where g, (x, 1) = M(s)g(x, 1), M(s) = hT(sI — A.)"'by, and ¢ is
an exponentially decaying term due to the initial conditions that
will be omitted hereafter whenever unessential for the theoretical
development. Notice that |g.(x, )| < g, because |g(x, )| < g for
(x, 1) € Qx[0, oo] and M (s) is a stable operator.

Representing the reference model (6) as

Xm = AL‘XIM + bt‘r7 ¢m = hZ-Xm (13)
where X,, € R* and defining the state vectorerrore = X — X,,, one
has the following error equation:

eo="h"e (14)

c

¢ = Ace+b.cii +bog (x, 1),
Using Eq. (14), the tracking error can be written as
eo = k"M ()it + g.(x) (15)

For linear systems of arbitrary relative degree n*, the VS-MRAC
system design problem has been solved by Hsu'® and Hsu et al.!!-12
In contrastto the case n* = 1, the structure of the VS-MRAC is not
so easily obtainable from the PA-MRAC. ' In fact, it is necessary to
introduce a chain of auxiliary errors (elf) and a chain of modulated
relay loops (Fig. 1).

One well-known restriction in the case n* > 1 is that M (s) can-
not be chosen strictly positive real (SPR). To overcome this diffi-
culty, a polynomial L(s) of degree N = n* — 1 is chosen such that
M (s)L(s) is SPR as in the case of PA-MRAC."? For the wing-rock
problem, following Ref. 12, we define a polynomial L(s) of the
form

L(s)=s+38, §>0 (16)
Now we introduce the following sets of filtered (vector) signals:

o =L'u, & =L"w (17)
where €, = (&1, ..., &4)T € R* (i =0, 1) and by convention y; = u
and &, = w. These signals are used to generate a chain of auxiliary
errors e; (i =0, 1), each one governed by an SPR transfer function,
namely, M (s) L(s) for ej and L' (s) for ¢}, and a chain of modula-
tionfunctions f;,i =0, 1. The completealgorithm for the wing-rock
control is given in Table 2.

In Table 2, 0, and kyom are nominal values of the parameters
0" and «*, respectively, obtained from some nominal model of the
plant, and the upper bounds 0;; (i = 0,1 and j = 1,...,2n), k,
and g; (i =0, 1) forx € Q are defined as

N *
) 91] > |91 - gj.nom

9_0/' > /0|9;k _gj.nom ) Kk > |/0_ ll

80> sup(knom ML) "', (x, 1) = sup(knon ML) ' Mg(x.1) (18)

t>0 t>0

g > supfiM g (x,1) = supO; M~ 'Mg(x, 1)

t>0 t=0
r Reference
Model
Unom Yo
+;L/ u Wing-rock
R Model +

Fig.1 Closed-loop wing-rock VS-MRAC system.

Table2 VS-MRAC algorithm

Auxiliary errors
Ya = KnomML[u() — L_lul]
w=¢—bu  €y=co—Ya € = (o)eg— L (u)

Modulation functions

2n
Jo = I?|X0 —9,1Tom€o| +Z§0,‘|§oj| + 8o +e€o
j=1

2n
fiz Y blala e
j=1
Control laws
up = f; sgn(elf), i=0,1
U = —Uuj + Unom, Unom = B,Z-Omw

where p = k" /kpom- Note that (_km,mML)‘IM is a strictly proper
stable transfer function, §; M ~' M is a proper stable transfer func-
tion, and g(x, t) is a bounded signal. Note that y, can be interpreted
as a predicted output error and, hence, €} is a prediction error.'"

In the described VS-MRAC, no explicit differentiations are uti-
lized. The term (uo)eq is the equivalent control, which is well
described in the variable structure (VS) system (sliding mode)
literature.!* One can formally obtain (up)eq by setting ey(t) = 0
in the dynamic system governing the error ¢;. The signal (u)q can
be approximately obtained from u, by means of a low-pass filter
with high enough cutoff frequency denominated averaging filter.'*
The inclusion of such averaging filters in the stability analysis has
been considered in Refs. 11 and 12. Note that one must choose
knom 7 0. The block diagram of Fig. 1 gives a better overview of the
VS-MRAC structure applied to the wing-rock problem (n* = 2).

Now we state the following result. (A proof is given in the Ap-
pendix.)

Theorem 1: Consider the wing-rock model (2) and the VS-MRAC
law of Table 2. Then for any trajectory evolving in €2, the closed-
loop system has the following properties.

1) The errors elf (i =0, 1) all converge to zero in finite times.

2) The state error e and the roll angle tracking error e, converge
exponentially to zero.

Alleviation of the phenomenon of chattering has been treated in
Ref. 11. To obtain smooth control signals for variable structure con-
trol (VSC) systems, one of the main approaches consists of using a
continuous approximation of the switching functions. One example
is to replace u = sgn(e;) by u = sat(e;), where sat(n) is defined
as sat(n) = sgn(n) if [(n)| > A and sat(n) = (n/A) if [(n)] < A.
This way chattering of control is avoided; however, this may lead
to a small terminal error.

To this end, computation of modulation functions f; in Table 2
is discussed. The lower bounds of these functions can be computed
on-line using the expressionsin Table 2 and the available signals &;
and x,. But the bounds g; on uncertain functions dependonx € Q.
The set 2 is assumed to contain the trajectories of the system be-
ginning from the set of initial conditions of interest. The existence
of a bounded set 2 is easily established because the trajectories of
the closed-loop system evolve according to the exponentially stable
system (A6) after a finite time, e.g., t*, and because the trajectories
of the wing-rock model (2) with u = u,,, — fi sgn(e}) cannot be
unbounded in the finite interval [0, t*]. Because the choice of the
modulation functions satisfying the inequalities in Table 2 is only
sufficient for stability in the closed-loop system, a practical way is
to choose an overestimated value of bound g; in the computation of
the modulation functions by observing simulated responses of an
approximate wing-rock model for a set of initial conditions. A dras-
tic simplification in control law synthesis can be obtained by using
constant modulation functions. This is referred to as the Relay VS-
MRAC." It should be stressed that this simplification is obtained at
the expense of larger modulation functions.

IV. Simulation Results

The uncontrolledsystem (1) for « =25 deg with the initial condi-
tion ¢ (0) = 20 deg and ¢(0) = 1 deg s~! was simulated. Figure 2
shows the oscillatory response in the phase plane.
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Table3 Minimum and maximum values of £* and 6

Fast control
Minimum value —2.0105 —-3.7644 1.7021 0.8333 0.8000
Maximum value —2.0042 —2.4981 2.5900 1.2500 1.2000
Slow control
Minimum value —2.0210 —0.9323 0.4468 0.8333 0.8000
Maximum value —2.0084 —0.6178 0.6956 1.2500 1.2000

4
Q
% 0
Q
z Fig.2 Wingrock at o =
e 4 25 deg.

¢ (deg)

Now the results of digital simulation for the wing-rock model (2)
with the VS-MRAC law given in Table 2 are presented. The initial
conditions chosen are ¢ (0) = ¢,,(0) = 20 deg, ¢(0) = 2 deg s71,
and ¢,,(0) = 0. Noting that the controller gains given in Table 2
are only sufficient for stability in the closed-loopsystem, the values
of the modulation functions f;, T, and A are chosen in several trials
by observing simulated responses. For fast control, L = (s + 1),
A =1, y = 1, and the reference model is

1
M=— 19
(s + 1)? (19)
but for slow control, L = (s +0.5), A = 0.5, y = 0.5, and
1
= 20
(s +0.5)2 (20)

We note that M L is SPR.

For model matching, the values of 8" were computed at angles of
attack 21.5, 22.5, and 25 deg using the parameters given in Table 1,
assuming that the parameter k, is uncertain and k, € [0.8, 1.2].
For these flight conditions, the computed minimum and maximum
values of 6 and «* for fast and slow control are shown in Table 3.

For the purpose of illustration, we have chosen 6,,, = (0, 0,
0, 1)”, which is rather an unfavorable choice. In Table 2, vari-
ous parameters chosen are g; + ¢, =1,7 = 0,1, k =0.2, and
knom = 1. The parameters 6;; and k are chosen so as to satisfy
inequalities in Eq. (18) for each value of «* and 6" in Table 3.
Thus, in view of Table 3, for fast control, these are selected
as 0p=(2.5,3.1,2.1,0.2)" and 0, = (2.1, 3.8, 2.6, 0.3)7, and for
slow control, these parameters are 8, = (2.5, 0.8, 0.6, 0.2)" and
0,= (2.1,1.0,0.7,0.3)T.

The signal ()4 is obtained by filtering u, by a first-order filter
[1/(zs + 1)] with T =0.05. The sgn function is replaced by the sat
function with A =0.02. For simulation it is assumed that the angle
of attack and k,, are time varying such thatoe =22.5 degand k, =1
fort € [0,2]s,a=21.5degandk, =0.8fort € (2,4]s,a =25deg
andk,=12fort € (4,6]s,and ¢ =22.5degand k, = 1 fort >
6 s. Because the aerodynamic coefficients are functions of the angle
of attack, the parameters of the wing-rock model (2) are assumed
to vary in a piecewise manner according to Table 1.

A. Wing-Rock Control: Varying f;,d =0

Figures 3a-3c show the selected responses using the reference
model (19) for fast control. Time-varying modulation functions are
generated on-line using the expressions in Table 2. In spite of the
piecewise variation of the parameters of the model, smooth reg-
ulation of roll angle is observed in Fig. 3a. The response time is
of the order of 6 s. Time-varying modulation functions are shown
in Fig. 3c. The roll-angle trajectory follows the reference trajec-
tory, with only a small tracking error in the transient period. The

w
~
g
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™) 0.
&
T ¢
St. ‘20| T T 1
< 0 s 10 15
Time (sec)
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20,
&
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o
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T T 1
0 5 10 15

Time (sec)

b) Control input

N
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2 3
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‘; f0

Q

3 1
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=

< 0

[« T T T 1
S 0 5 10 15

Time (sec)
¢) Modulation functions, f; (i =0,1)
Fig.3 Wing-rock control: varying f;,d = 0.

maximum values of the tracking error e, and of the control input
u,, are 0.36 deg and 29.3 deg s=2 (Fig. 3b), respectively.

B. Wing-Rock Control: Varying f;,d # 0

To examine the effect of disturbance input, a signal d,,(t) was
generated by passing a white noise through a filter with gain 2, a
zeroats = —0.2278,and twopolesats = —0.3945; the disturbance
input d was assumed to be d = d,, + 5.72 (deg/s?). Figures 4a-4d
show selected responses. Variationsin the controlinputare required
to cancel the effect of the disturbance input. The responses (Figs. 4a
and 4d) remain close to those shown in Fig. 3. Compared with
the disturbance-free case A, for the chosen d (Fig. 4c), slightly
larger tracking error and control input (Fig. 4b) are observed. The
maximum values are (e, 4,,) = (0.49 deg, 32.5 deg s72).

C. Wing-Rock Control: Constantf;,d =0ord # 0

For simplicityinimplementationof the controllaw, constantmod-
ulation functions fy = 2 and f; = 2.5, instead of the time-varying
functions of cases A and B, are used. The remaining parameters are
asin case A. Although one could have chosen valuesof f;,i =0, 1,
larger than their peak values observed in Figs. 3¢ and 4d, because
the conditionsfor stability in Table 2 are only sufficient, smaller val-
ues of modulation functions were chosenintentionallyto avoid high
gain feedback. Smooth convergence of the roll-angle trajectory is
observed (Fig. 5). The maximum values are (e, , u,,) = (0.33 deg,
31.2degs™2). For the chosen constantmodulation functions,a small
increase in input magnitude is required for control; however, com-
pared with case A, the tracking error is smaller in this case.

Simulation with constant modulation functions and nonzero dis-
turbanceinputwas also done. The responsesremained close to those
of case B. The maximum values are (e, u,,) = (0.47 deg, 33.5 deg
s72). (These results are not shown here.)
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Fig.4 Wing-rock control: varying f;, d # 0.

D. Wing-Rock Control: Varying f;,d # 0,d = 0, Slow y,,

To reduce the control magnitude, a slow command trajectory was
generated using the reference model (20). The responses for the
model with d #0 are shown in Figs. 6a and 6b. The wing-rock
motion is suppressed in about 12 s (Fig. 6a) but with considerably
smaller control magnitude compared to case B, as predicted. The
maximum values are (eg,,, U,,) = (0.56 deg, 23.5 deg s72).

Simulation was also done using the design parameters that were
used for Fig. 6, but the disturbance input was assumed to be zero.
Smooth regulation of the wing-rock motion was accomplished. The
maximum values for the chosen control parameters are (g, Un) =
(0.24 deg, 21.4 deg s~2). Again, compared with case A, smaller
input is required for control. (These results are not shown here.)

E. Wing-Rock Control: Constant f;,d = 0 or d # 0, Slow y,,
Simulation was done using the model with and without distur-
bance input and the parameters of case D, but for simplicity in con-
troller synthesis, the modulationfunctions were set to constant func-
tions as f; =1.5,1 =0, 1. The responses are somewhat similar to

» 90
af
-8 ¢7 ¢m
S O
g 20 ?
3 M9 T T 1
g 0 5 10 15
<
< Time (sec)

Fig.5 Wing-rock control: constant f;, d = 0; ¢, ¢, and ¢.

0
™
) 20
z ¢, bm
=
X 0
iy -
Z ¢
g -20
RN T T T 1
< 0 5 10 15

Time (sec)
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Z2 3
2
]
8 2 0
2 —
=
g 1 f1
2
- 0
% 1 T T |5
S 0 5 10 1
=

Time (sec)
b) Modulation functions, f; (i =0, 1)
Fig. 6 Wing-rock control: varying f;, d # 0, slow command.

those of case D; therefore, these plots are not shown here. The maxi-
mum values for the model withoutdisturbanceinputare (eg,,, t,;) =
(0.22 deg, 23.3 deg s72), and with the disturbance input they are
(€om» n) = (0.56 deg, 25.2 deg s~2). Compared with cases A-C
for the fast control, smaller control magnitudes are required for the
slow control.

V. Conclusions

Based on the variable structure model reference adaptive control
theory, a new control law for the control of wing-rock motion was
presented. In the wing-rock model, unstructured nonlinearity and
disturbance input were present, and the aerodynamic parameters
were assumed to be unknown. A variable structure model reference
adaptive control system was synthesized using only measurement
on the roll angle. In the closed-loop system, roll angle tracked the
reference trajectory, and smooth regulation of wing rock was ac-
complished. Simulation results were presented that showed good
transient characteristics and disturbance rejection capability of the
designed controller.

Appendix: Proof of Stability
The following lemma from Ref. 12 is used to prove Theorem 1.
Lemma 1: Consider the input-output representation of a single
input (U)/single output (¢) system given by

q(t) = HS[-U @) +w() +m(t)] (A1)

where H (s) is an SPR transferfunction, w(¢) is a bounded function,
and (¢) is an exponentially decaying function. If the control input
U is chosen as a discontinuousfunction U (t) = f (t) sgn(q), where
f satisfies f(t) > |w(t)| + €, V¢, and € is a positive constant, then
the state {0} of any state-space realization of Eq. (A1) is globally
exponentially stable, and the output g (#) becomes identically zero
after some finite time #; > 0.
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Proof of Theorem 1: This result for wing-rock control is estab-
lished by following steps similar to those outlined in Ref. 12. For

the wing-rock problem, the errors ¢, and e| can be written, using
Table 2, as

66 = knomML[_u(l + (:0 - 1)(X0 - L_lunom)
_IOL_I(”* - unom) + (knomML)_IMg(x,t)] (AZ)

el = pL_l[—ul — (u* — unom) +9ZM_1]\_4g(x,t)]

Note that the expression for ] in Eq. (A2) is obtained by using
the definition of €| from Table 2 and (ug).q (ignoring exponentially
decaying signals) obtained by imposing the sliding-mode condition
e;(t) = 0 in the first equation (A2).

The main steps of the proof are as follows. 1) Because M (s)L(s)
is SPR (kyom > 0), in view of Lemma 1 and by the choice of signal
uo in Table 2, ej tends to zero in a finite time. 2) Defining e¢j; = 0 as
a sliding surface,'* we formally obtain (19)eq by setting e;(t) = 0
in the dynamic system governing the error e;. 3) Because L' (s)
is SPR (p > 0), in view of Lemma 1 and by the choice of u, in
Table 2, e| tends to zero in a finite time. 4) Defining €] = 0 as a
sliding surface, we formally obtain (u).q by setting ¢{(#) = 0 in
the dynamic system governing the error e|. 5) Finally, convergence
of e and ¢, which is described in the sequel, is shown.

Consider system (15), which can be rewritten as

o =Kk*M(s)[ii + 0] M(s)" M(s)g(x,1)] (A3)

In view of Egs. (14) and (15), a state-space realization of Eq. (A3)
is

ey = hTe

¢ = Ace+ b [ii + ;M (s)" M(s)g (x, 1)]. I
(A4)

Noting that # = u — u* and u = —u; + Uyom, Eq. (A2) gives
[@+0;M() ' M(s)gx.0)] = [(s +8)/pl(e})  (A5)

Then defining e = e — k,omb €| and using Eq. (A4), we have
e= A&+ Kkyom(A, + 8D)b.e) (A6)
Because A, is exponentially stable and e| (¢) tends to zeroin a finite

time, we conclude that ||e(?)|| and, consequently, |le(?)|| tend expo-
nentially to zero. From e, (¢) = hZe(t), we also have that e((¢) tends

exponentially to zero. This completes the verification of properties
1 and 2.
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